In this note we characterize those commutative rings over which every nonzero module has a maximal submodule.
In this note we characterize those commutative rings over which every nonzero module has a maximal submodule.
Professor Hyman Bass in [l, p. 470] states the following conjecture: a ring R is left perfect if, and only if, every nonzero left P-module has a maximal submodule, and P has no infinite set of orthogonal idempotents.
For commutative rings we also show that Bass' conjecture is true. Throughout, P will be a ring with identity, / will denote the Jacobson radical of P, and 5 will denote the ring R/J. We use the word module to mean unital module. If Af is a left P-module, rad M denotes the radical of M, that is, the intersection of the maximal sub- Proof.
(=>) Clearly every nonzero left 5-module has a maximal submodule if every nonzero left P-module has a maximal submodule. Suppose (<=) Now assume that / is left F-nilpotent, and that every nonzero left S-module has a maximal submodule.
Let M be a nonzero left i?-module, and assume that JM=M.
Suppose that jm^O for jEJ and mEM. Then since m= ^fi-ijimi where jiEJ and m{EM, there is a subscript k with jjhmk^0. Now since JM^O, there are elements jiEJ and mxEM with jxmx^0. By the above argument we can produce elements j2EJ and m2EM with jxj2m2^0. By induction, there exists a sequence {it}<-i in J and a sequence jw,-},"! in AI with Since rk-ix -rkERxk, rk-ixERxk.
As x is not a zero divisor, rt_i ERx11-1. This finite induction shows that riERx. Then yi= -r"iyi = 0 so R/Rx~Ryi~0. Hence x is a unit.
Theorem. Let Rbea commutative ring. Then every nonzero R-module has a maximal submodule^J is T-nilpotent, and S is a ivon Neumann-) regular ring.
Proof. (•*=) To demonstrate this implication, it suffices by Lemma 1 to show that every nonzero 5-module has a maximal submodule. and every nonzero S-module has a maximal submodule, by Lemma 2 Sa = S, and we then have that Sa®s(0: a) = S. This shows that every principal ideal of 5 is a direct summand oi S so S is regular.
Corollary.
A commutative ring R is perfect <=> every nonzero Rmodule has a maximal submodule, and R has no infinite set of orthogonal idempotents. In [4] it is shown that if fc$ is a transfinite cardinal number, and if Vjr is an ^-dimensional vector space over a field F whose cardinality does not exceed 2^, then L, the full ring of linear transformations on Vf, is regular but possesses both right and left simple modules which are not injective. Thus (iii) does not imply (ii). It would be interesting to know, and is an open question, whether over a ring L as above, there is a nonzero right or left Z-module which has no maximal submodule.
In [2] it is shown that if R is a commutative, noetherian ring, then every nonzero i?-module has a maximal submodule if, and only if, R is a test module for projectivity. The results here do not seem to shed any new light on the relationship of the two conditions for commutative rings.
